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The Average Connectivity of an Arithmetic Graph
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Abstract

The average connectivity k(G) = W,KG(U, v)is defined to be the maximum value of k for which u and v are
2
k-connected. In this paper, we consider the concept of the average connectivity of an arithmetic graph. It is shown
-2 v—P — B _R)2
that E(G)S[(17 € )+(D(u§)(2)+(u i)
2

Also, it is clear that, if a,is increasing then ¥(G) is decreasing for an arithmetic graph G = Vn, where n =P, *1xP, .

where v is the order and B is an independence number of an arithmetic graph.
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1. Introduction

A graphG is an ordered triple(V(G),E(G),#¢) consisting of an nonempty set V(G) of vertices, a set
E(G) of edges and an incidence function wg that associates with each edge of G an unordered pair of
vertices of G. The number of vertices in G is denoted byv = |V (G)] is called the order of G while the
number of edges in G is denoted bye = |E(G)]| is called the size of the graph G. A graph of order v and
sizee is called (v,e) graph. A graph is simple if it has no loops and no two of its links join the same pair of
vertices. A simple graph in which each pair of distinct vertices is joined by an edge is called complete
graph. The degree of a vertex v in a graph G is the number of edges of G incident with v and is denoted
by deggv or d(v).A vertex of degree one is called a pendent vertex or an end vertex of G. The maximum
and minimum degree of a graph G is denoted by A (G) and [J (G) respectively.

A vertex v of G is a cut vertex if E can be partitioned into E; and E; such that G [E;] and G [E,] have
just the vertex v in common. A bipartite graph G is a graph whose vertex set V (G) can be partitioned into
two subsetsV;andV, such that every edge of G joins V; withV, ;( V1, V2)is a bipartition of G. A graph G
is called acyclic if it has no cycles. A connected acyclic graph is called a tree. A non trivial path is a tree
with exactly two end vertices. A family of paths in G is said to be internally disjoint if no vertex of G is
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an internal vertex of more than one path of the family. The arithmetic graph G=V, is introduced by
Vasumathi. N and Vangipuram. S in [6] and later it was studied by various authors in [3, 4, 5]. It is
defined as, a graph with its vertex set is the set consists of the divisors of n(excluding 1) where n is a
positive integer and n=P;“1 X P,%2 X P3%3 .. ... ... x P.%where P;’s are distinct primes and a;’s>land
two distinct vertices a, b which are not of the same parity are adjacent to this graph if (a, b)= P; for some
i, I1<i <r. The vertices a and b are said to be of the same parity if both a and b are the powers of the same
prime, for instance a = P?, b=P°.Throughout the paper G is a simple connected graph with at least three
vertices. The following observations are used in the sequel.

Observation 1.1.[4]Let G = V, be an arithmetic graph where n=P;%1 x P,%2 X P;%3 x ......... X
B.%"the number of vertices of G is |V| =[[T/=;(a; + 1)] — 1.
i=1
Observation 1.2.[3]Let G=V, be an arithmetic graph where n = P;%1 X P,%2 X P;%3 X ... ... ... X

P.%",a; = 1Vi€ {1,2,3,...r}.Then
(DA (G) =2

(r, r=3
@o©@={] ;25
Observation 1.3.[4]Let G =V, be an arithmetic graph where n=P;%* x P,%2 X P;%3 X ......... x B.%7,
at least one a;>1.Then (G) = r and A(G)= q; [[;=1(a; + 1)-1, where g; is the maximum exponent of P;

i#j

i€ {1,2,3..1}
Observation 1.4.[1]Y,ey d(v) = 2¢

2. Average Connectivity

The definition of an average connectivity is studied from [2] and is determined the same for
arithmetic graphs.

Definition 2.1.[2]

Zu,vKG(urV)
)

u and v are k-connected. If the order ofG isv , then the average connectivity k(G) =

The average connectivity ©(G) = Ja(u, V)is defined to be the maximum value of k for which

Zu,v Kg (u,v), the
)
expressiony.,, , k¢ (u, v) is sometimes referred to as the total connectivity of G.

Remark 2.2. Maximum number of internally disjoint paths between v; and v; are less than or equal to
min (deg (vi), deg (vj)).

Theorem 2.3. For an arithmetic graph G=V,,

(i) kK(G) =1 if n=P; xP,,

(i)k(G) < 2"ifn=P; X P, X Py X ...X P..

(|||)IE(G)< aj Ll(ai + 1) — 1if n=P1a1 X Pzaz X P3a3 D G X Prar.
i#j

Proof.

(i)In this case, the given arithmetic graph is a non-trivial tree,and hence the result is obvious.

(ii)Let G =V, be an arithmetic graph where n=P; X P, X P; X ....x P. By observationl.1, 1.2 and
remark 2.1,and also the arithmetic graph is not regular we get the average connectivity ©(G) < 2

(iii)In this case, the given arithmetic graph G =V, where n=P;*1 x P,*2 x P33 ... ... ... X P.% has
maximum degree a; [[{=;(a; + 1)-1. Since the graph is not regular
i#j
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K(G) < q; [Ti=1(a; + D-1.
i#j
Theorem 2.4. Let G =V, where n=P; X P, X P3 >é ....X P,be an arithmetic graph of orderv = 2" — 1
[27=1 (") +v-p)(5)+v—p)28]
69 '
Proof. Consider the arithmetic graph G = V,, where n=P; X P, X P; X ....x B. of order 2"-1. Let S be
the set of independent vertices with |S|=p.

and an independence number B, then k(G) <

Since by observation1.1,1.2 and remark 2.1, the average connectivity between any two pair of
verticesis at most 2. Therefore, the total connectivity of G is the sum of the following cases, the vertices
which arein Sand notin S

Case (i) If u, veS then the total connectivityy,, yes k¢ (u, v)is at most 2°*(** )

Case (ii) If uorv (or both) is in S then the total connectivity is at most(v — 8).Hence for these
pairsy.,, ,, k¢ (u, v) will be at most (v — )[(5) + (v — B)B]

[2771 ("5 )+ v-p)(5)+v—5)?8]
() '
Theorem 2.5. Let G = V, be an arithmetic graph of order v and independence number B, where
©-2)("5 )+@=p)(5)+o-p)?
n:P1a1 X Pzaz X P3a3 ......... % Prar and n#P; x P,, then IE(G) S[ v ( 2 ) v g (2) (=8) ﬁ]'
2
Proof. Let G be an arithmetic graph withvvertices and independence number B, and let S be a set of
independent vertices such that |S| = B. Since the arithmetic graph is not complete, the connectivity
between any pair of vertices in G is at mostv -2, so the contribution to the total connectivity of G of the

pairs of vertices not in S is bounded by(v — 2)("3*).

Hence from these two cases we get k(G) <

On the other hand, if uorv (or both) is in S then kg(u,v) <v -B, so such pairs contribute at most(v —
B) (g) + (v — B)?p to the total connectivity. Addition of these two contributions gives the desired result.

Corollary 2.6.Let G =V, be an arithmetic graph where n=P;*1 x P,*2 x P;%3 ... ... ... x B.%
at least one a;>1with orderv =[[][;_;(a; + 1)]-1 and independence number pBthenk(G) <
[, n{?(aim—u(“;ﬁ )+(v—ﬁ)(§)+(v—ﬁ)2ﬂ}
N 0

Proof. The result is obvious from theorem 2.4.

where g; is the maximum exponent of P;

Theorem2.7.For an arithmetic graph G = V,,, n=P;*! X P,%?,a, a, = 1thene = 4a,a;, — a; — ay,
where ¢ is the size of the graph G.

Proof. The vertex set V (G) contains primes, prime powers, and product of powers. The neighbors of
P, is a set N(P,),containing vertices, which are the Cartesian product of the sets {P, P;2,P, ....,P,%1} and
{P,P,%,P,> ....P,*2}.Similarly the vertices of N(P,).

The vertices P;*1,a;>1 are adjacent to P; x P,, Py X Py ......... , P1 xP,%2 Also the vertices
P,%?.a, > 1 are adjacentto Pyx P,P;2x Py,......P % 1%

P, TheverticesP, * 1 xP, a, 1areadjacenttoP; P, P, ,P,> ....,P,* 2. Similarly, the vertices of the form P
1xP,%2.a, > 1 are adjacent toP; P, P 2,P3 ....P,% . If a;>1 and a, > 1 then P;*! x P,%2 is adjacent
only to Py and P,. Hence the degrees of the vertices are given by
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a,a, if v = PyorP,
a if v=PM1l<m<aq
ay if v=P"1<n<a,
d(v) =< a; + a, if v=P"xP" mn=1
a, +1 if v=P"mxP" n=11<m<aq
a; +1 if v=P"xP", m=11<n<a,
L2 if v=P"XxP"1<m<a,l<n<a

Z dw) =2a1a, + (a; —1Day +(a; —1ay +a;+a,+(a; —1(a; +1)+ (a; —1)(aq +1)
+ (a1 - 1)((12 — 1)2
d(v) =8a,a;, — 2a; — 2a,.

Therefore by Observation 1.4, we have

,_2dw)
2
&= 4a1a2 —a; —a
Theorem2.8.For an arithmetic graph G = V., n=P,*'xP, a; > 1 then k(G)e[1,2),Further if a;is
increasing then i(G) is decreasing.

Proof. Let G =V, be an arithmetic graph where n=P;“* xP,, byobservaionl.1landtheorem2.7, weget the
number of pendent vertices area; — 1.The contribution to the total connectivity will be reduced if the
pendent vertices are increased. Hence i(G) is decreasing if a;is increasing.

Theorem?2.9. For an arithmetic graph G = V,,n=P,;“! X P,*2,a; a, > 1 then G is a bipartite graph.

Proof. Let G=V,be an arithmetic graph, such that V(G)=X;UX,,where X;={p;,pi",.1< n<a;;i =
1,2, ...k} Xo= {pi" x p;"; 1< m,n<a;, i=1,2,....k}.By the definition of an arithmetic graph no two
vertices of the set X;are adjacent as well as no two vertices of the set X, are also adjacent and every edge
joins a vertex of X, to a vertex of X,.This shows that the graph G is a bipartite graph.

3. Conclusion

We conclude by noting that the average connectivity of an arithmetic graph is strictly less than the
maximum degree of G. Also, for an arithmetic graph G = V,,, n=P,“'xP, a; > 1, if a;is increasing then
K(G) is decreasing and forG = V,, n=P;“! X P,*%,a; a, = 1,G is a bipartite graph. The readers can
classify the different arithmetic graphs as in terms of multipartite graphs.
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